CALCULATOR-FREE 3

Question 1

(@)  Write HN,E in the form x + yi, where x and y are real numbers.
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(b) By expressing both 1 + iv/3 and 1 + i in polar form r cis 8,

show that 1?:’? =2 (COS ('1%) +isin (;n;))
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(c) Hence, using your answers from parts (a) and (b),

find the exact value of sin (—152)
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Question 2 (8 marks)
(@)  Show that (1 +i)° = —4 — 4i. (3 marks)
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(b) Hence determine all the roots of the equation z° = —4 — 4i, expressing each in
the form r cis 8, with r > 0 and —180° < 6 < 180°. (3 marks)
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(c) Sketch the roots from part (b) in the complex plane below. (2 marks)
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Question 3 (7 marks)
De Moivre’s Theorem states that

(cos@ + i sinf)™ = cos(nf) + i sin(nd), for any integer n.
(a) Prove de Moivre’s Theorem for positive integers. (4 marks)
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(b)  Prove de Moivre’s Theorem for negative integers. (3 marks)
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Question 4 (6 marks)

(a)  Expand (cosf + i sinf)® and write your answer in the form a + ib. (2 marks)
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(b)  Use de Moivre’s Theorem and your result from part (a) to show that
sin(58) = 16sin°0 — 20sin®@ + 5sind. (4 marks)
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Question 5 (5 marks)

Consider the following sets of complex numbers:

S={z:|z+i|=|z-2|}

refe

Sketch the two sets of complex numbers in the Argand diagram below.
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Question 6 (7 marks)

Consider the following set of complex numbers:

S={z:|z+ 4 - 5i| = 3}.

(a)  Sketch the set of complex numbers S in the Argand diagram below. (2 marks)
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(b)  Forzin S, determine the maximum value of |z|, the modulus of z. (2 marks)
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(c) For z in S, determine the minimum value of arg(z), the argument of z,

where - < arg (z) < m. (3 marks)
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Question 7 (5 marks)

Show that, for every positive integer n, (1 + i)™ + (1 — )" = 2(v2)" cos (%)
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